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Abstract
Let p(z) = a0+a1z+a2z
2+a3z
3+ · · ·+anz
n be a polynomial of degree n, where the
coefficients aj, j ∈ {0, 1, 2, · · · n}, may be complex. We impose some restriction on the
coefficients of the real part of the given polynomial and then estimate the maximum
number of zeros such polynomial can possibly have in a specified disk.
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1 Introduction
The classical Enestro¨m-Kakeya Theorem states the following
Theorem A. Let p(z) =
n∑
j=0
ajz
j be a polynomial with real coefficients satisfying
0 < a0 ≤ a1 ≤ a2 ≤ a3 . . . ≤ an.
Then all the zeros of p(z) lie in |z| ≤ 1.
By putting a restriction on the coefficients of a polynomial similar to that of the Enestro¨m-
Kakeya Theorem, Mohammad [1] proved the following on the number of zeros that can be
found in a specified disk.
∗This is a preprint of a paper whose final and definite form is published open access in the International
Journal of Pure and Applied Mathematics.
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Theorem B. Let p(z) =
n∑
j=0
ajz
j be a polynomial with real coefficients satisfying 0 < a0 ≤
a1 ≤ a2 ≤ a3 . . . ≤ an. Then the number of zeros of p in |z| ≤
1
2
does not exceed
1 +
1
log 2
log
(an
a0
)
In her dissertation work, Dewan [2] weakens the hypotheses of Theorem B and proved
the following two results for polynomials with complex coefficients.
Theorem C. Let p(z) =
n∑
j=0
ajz
j be a polynomial such that | arg aj − β| ≤ α ≤
pi
2
for
j ∈ {0, 1, 2, . . . , n} and for some real numbers α and β, and
0 < |a0| ≤ |a1| ≤ |a2| ≤ |a3| . . . ≤ |an|.
Then the number of zeros of p in |z| ≤ 1/2 does not exceed
1
log 2
log
|an|(cosα + sinα + 1) + 2 sinα
∑n−1
j=0 |aj|
|a0|
.
Theorem D. Let p(z) =
n∑
j=0
ajz
j where Re(aj) = αj and Im(aj) = βj for all j and
0 < α0 ≤ α1 ≤ α2 ≤ · · · ≤ αn. Then the number of zeros of p in |z| ≤ 1/2 does not exceed
1 +
1
log 2
log
αn +
∑n
j=0 |βj|
|a0|
.
Pukhta [3] generalized Theorems C and D by finding the number of zeros in |z| ≤ δ for
0 < δ < 1. The next Theorem, due to Pukhta, deals with a monotonicity condition on the
moduli of the coefficients.
Theorem E. Let p(z) =
n∑
j=0
ajz
j be a polynomial such that | arg aj − β| ≤ α ≤
pi
2
for
j ∈ {0, 1, 2, . . . , n} and for some real α and β, and
0 < |a0| ≤ |a1| ≤ |a2| ≤ |a3| . . . ≤ |an|.
Then the number of zeros of p in |z| ≤ δ, 0 < δ < 1, does not exceed
1
log 1/δ
log
|an|(cosα + sinα + 1) + 2 sinα
∑n−1
j=0 |aj|
|a0|
.
Pukhta [3] also gave a result which involved a monotonicity condition on the real part
of the coefficients. Though the proof presented by Pukhta is correct, there was a slight
typographical error in the statement of the result as it appeared in print. The correct
statement of the theorem is as follows.
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Theorem F. Let p(z) =
n∑
j=0
ajz
j where Re(aj) = αj and Im(aj) = βj for all j and 0 <
α0 ≤ α1 ≤ α2 ≤ · · · ≤ αn. Then the number of zeros of p in |z| ≤ δ, 0 < δ < 1, does not
exceed
1
log 1/δ
log 2
[
αn +
∑n
j=0 |βj |
|a0|
]
.
In this paper we generalize Theorem F and prove the following.
Theorem 1. Let p(z) =
n∑
j=0
ajz
j , a0 6= 0, be a polynomial of degree n with complex coef-
ficients, Re(aj) = αj and Im(aj) = βj for all j. If for some real numbers t, and for some
λ ∈ {0, 1, 2, · · ·n},
t+ αn ≤ αn−1 ≤ . . . ≤ αλ ≥ αλ−1 ≥ αλ−2 ≥ . . . ≥ α1 ≥ α0,
then the number of zeros of p in |z| ≤ δ, 0 < δ < 1, does not exceed
1
log 1/δ
log
M1
|a0|
,
where
M1 = |α0| − α0 + |αn| − αn + |t| − t+ 2αλ + 2
n∑
j=0
|βj|.
For t = 0 we get the following.
Corollary 1. Let p(z) =
n∑
j=0
ajz
j , a0 6= 0, be a polynomial of degree n with complex coeffi-
cients, Re(aj) = αj and Im(aj) = βj for all j. If for some λ ∈ {0, 1, 2, · · ·n},
αn ≤ αn−1 ≤ . . . ≤ αλ ≥ αλ−1 ≥ αλ−2 ≥ . . . ≥ α1 ≥ α0,
then the number of zeros of p in |z| ≤ δ, 0 < δ < 1, does not exceed
1
log 1/δ
log
M1
|a0|
,
where
M1 = |α0| − α0 + |αn| − αn + 2αλ + 2
n∑
j=0
|βj|.
If λ = 0, then Corollary 1 reduces to
Corollary 2. Let p(z) =
n∑
j=0
ajz
j , a0 6= 0, be a polynomial of degree n with complex coeffi-
cients, Re(aj) = αj and Im(aj) = βj for all j. Suppose
αn ≤ αn−1 ≤ . . . ≤ α0,
3
then the number of zeros of p in |z| ≤ δ, 0 < δ < 1, does not exceed
1
log 1/δ
log
M1
|a0|
,
where
M1 = |α0|+ α0 + |αn| − αn + 2
n∑
j=0
|βj|.
If, also, λ = n, then Corollary 1 becomes
Corollary 3. Let p(z) =
n∑
j=0
ajz
j , a0 6= 0, be a polynomial of degree n with complex coeffi-
cients, Re(aj) = αj and Im(aj) = βj for all j. Suppose
αn ≥ αn−1 ≥ αn−2 ≥ . . . ≥ α1 ≥ α0,
then the number of zeros of p in |z| ≤ δ, 0 < δ < 1, does not exceed
1
log 1/δ
log
M1
|a0|
,
where
M1 = |α0| − α0 + |αn|+ αn + 2
n∑
j=0
|βj|.
Suppose we assume α0 > 0, then Corollary 3 becomes Theorem F. Instead of proving
Theorem 1, we prove the following more general result.
Theorem 2. Let p(z) =
n∑
j=0
ajz
j , a0 6= 0, be a polynomial of degree n with complex coeffi-
cients, Re(aj) = αj and Im(aj) = βj for all j. If for some real numbers t, s, and for some
λ ∈ {0, 1, 2, · · ·n},
t + αn ≤ αn−1 ≤ . . . ≤ αλ ≥ αλ−1 ≥ αλ−2 ≥ . . . ≥ α1 ≥ α0 − s,
then the number of zeros of p in |z| ≤ δ, 0 < δ < 1, does not exceed
1
log 1/δ
log
M2
|a0|
,
where
M2 = |α0| − α0 + |αn| − αn + |t| − t + |s|+ s+ 2αλ + 2
n∑
j=0
|βj|.
Clearly M2 is nonnegative.
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2 Lemma
For the proof of our result we shall make use of the following result (see page 171 of the
second edition) [4].
Lemma. Let F (z) be analytic in |z| ≤ R. Let |F (z)| ≤ M in the disk |z| ≤ R and suppose
F (0) 6= 0. Then for 0 < δ < 1 the number of zeros of F (z) in the disk |z| ≤ δR is less than
1
log 1/δ
log
M
|F (0)|
.
3 Proof of the Theorem
Proof. Consider the polynomial
g(z) = (1− z)p(z)
= −anz
n+1 +
n∑
j=1
(aj − aj−1)z
j + a0
For |z| = 1,
|g(z)| ≤ |an|+
n∑
j=1
|aj − aj−1|+ |a0|
≤ |αn|+ |βn|+
n∑
j=1
|αj − αj−1|+
n∑
j=1
|βj − βj−1|+ |α0|+ |β0|
≤ |αn|+ |α0|+
n∑
j=1
|αj − αj−1|+ 2
n∑
j=0
|βj|
≤ |αn|+ |α0|+
n−2∑
j=2
|αj − αj−1|+ |αn−1 − αn−2|+ |αn − αn−1|+ |α1 − α0|+ 2
n∑
j=0
|βj |
≤ |α0| − α0 + |αn| − αn + αn−2 + α1 + |t| − t+ |s|+ s+
λ∑
j=2
|αj − αj−1|+
n−2∑
j=λ+1
|αj − αj−1|
+ 2
n∑
j=0
|βj|
= |α0| − α0 + |αn| − αn + |t| − t + |s|+ s+ 2αλ + 2
n∑
j=0
|βj|
= M2.
Now g(z) is analytic in |z| ≤ 1, and |g(z)| ≤ M2 for |z| = 1. So by the above lemma and the
Maximum Modulus Principle, the number of zeros of g (and hence of p) in |z| ≤ δ is less
than or equal to
1
log 1/δ
log
M2
|a0|
.
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Hence, the theorem follows.
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